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A Monte Carlo solution technique has been formulated to predict the radiative heat transfer in three-
dimensional, inhomogeneous participating media which exhibit spectrally dependent emission and absorption
and anisotropic scattering. Details of the technique and selected numerical sensitivities are discussed. The
technique was applied to a problem involving a medium composed of a gas mixture of carbon dioxide and
nitrogen and suspended carbon particles. A homogeneous medium was modeled to examine the effect of total
pressure and carbon-particle concentration on radiative heat transfer. Variation in total pressure, over the
range studied, had minimal effect on the amount of heat radiated to the enclosure walls and on the radiative-
flux distribution within the medium. Increases in the carbon particle concentration produced significantly higher
heat fluxes at the boundaries and altered the radiative flux distribution. The technique was then applied to an
inhomogeneous medium to examine effects of specific temperature and carbon particle concentration distributions
on radiative heat transfer. For the inhomogeneous conditions examined, the largest radiative flux divergence
occurs near the center of the medium and the regions near some enclosure walls act as energy sinks.

Nomenclature
D = distance traveled prior to scattering event
De = distance to exit point from current subregion
ebr) = spectral black body emissive power, W/m2/cm-1

/ = coefficient of scattering phase function
g = coefficient of scattering phase function
N = carbon particle concentration, particles/m3

NO = reference concentration for inhomogeneous
carbon particle distribution, particles/m3

Pe = pressure broadening parameter
R = random number chosen from uniform distribution
5" = geometric length of travel within subregion, m
Sc/5 = mean line intensity to spacing ratio
T = subregion temperature, K
TO = reference temperature for inhomogeneous

temperature distribution, K
ap = Planck mean absorption coefficient, m"1

a^ = spectral absorption coefficient, carbon
dioxide, m"1

a^c = spectral absorption coefficient, carbon
particles, m"1

/3 = pressure parameter for spectral band
17 = wave number, cm"1

j]c — reference wave number for a given carbon dioxide
absorption band

r\^ = maximum wave number for spectral integration
K^ = spectral extinction coefficient, m"1

JJL = cosine of the scatter angle
p = gas density, kg/m3

a = spectral scattering coefficient, mr1
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= normalized scattering phase function
i// = scatter angle

Introduction

A CCURATE prediction of three-dimensional radiative heat
transfer in a participating medium becomes a formidable

task when the spectral absorption and anisotropic scattering
characteristics of the medium are considered. Further com-
plications arise if the medium has inhomogeneous properties.
Many approaches exist for predicting radiative transfer within
participating media, but few can easily or efficiently treat all
of these complications. One method that can be applied is
the Monte Carlo/ray tracing approach, generally discussed in
Refs. 1-3.

In the Monte Carlo approach, the radiative transfer is sim-
ulated using the calculated movements of a statistically large
number of bundles of radiative energy. As each bundle pro-
gresses from its initial location, at emission, through the me-
dium, it experiences scattering, and absorption. Upon com-
pletion of the simulation, predictions of heat transfer or
temperature distribution are determined, based on the av-
eraged behavior of the set of individual energy bundles.

Although the Monte Carlo approach is relatively easy to
use to model extremely complex phenomena, its appetite for
computer resources and the statistical nature of the results
have inhibited its widespread application. Relatively few pub-
lished efforts exist concerning the application of the Monte
Carlo approach to problems of radiative heat transfer within
three-dimensional inhomogeneous media with highly spectral,
anisotropic behavior. Recently, however, armed with more
powerful computers, researchers are beginning to exploit the
Monte Carlo method in such problems. For instance, Modest4

has begun investigating the problems involving media with
complex spectral-line behavior, and Subramaniam and Mengiic5

and Viskanta6 discuss the Monte Carlo approach applied to
anisotropically scattering gray media. This article discusses
the development of a Monte Carlo approach to predict the
radiative heat transfer within general inhomogeneous media
that exhibit both highly spectral and anisotropic scattering
behaviors.
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The development of this approach and its application to a
test medium were conducted as a part of a symposium7 on
the comparison of solution methods for predicting radiative
transfer in complex media. Consequently, the medium char-
acteristics discussed in this article were prespecified by the
symposium to correspond to a medium consisting of a mixture
of carbon dioxide and nitrogen and carbon particles, similar
to a gas and soot mixture from a combustion process. Al-
though this article focuses on the Monte Carlo approach and
results, occasional references are made to problem constraints
and result comparisons from that symposium.

Participating Media Description
The participating media analyzed in this study consisted of

a homogeneous one-dimensional slab between two cold, black
walls 5-m apart; a homogeneous three-dimensional medium
in a rectangular, cold, black enclosure, with dimensions, W
= 2, L = 5, and H = 3 m; and an inhomogeneous three-
dimensional medium in a rectangular, cold, gray enclosure,
with identical dimensions. W, L, H, are the jc, y , z dimensions
of the enclosure, shown in Fig. 1. Each medium consisted of
a mixture of nitrogen and carbon dioxide gases plus varying
concentrations of carbon particles. In the homogeneous media
the total mixture pressure and temperature were specified to
be 1 atm, with a volume fraction of carbon dioxide of 0.21,
and 1000 K, respectively. For the one-dimensional medium,
a total pressure of 3 atm was also specified. The carbon par-
ticles were specified to be of uniform diameter, 30 /*,, and in
concentrations of 2.0 x 107, 2.0 x 108, and 2.0 x 109 particles
per cubic meter. In the inhomogeneous medium the pressure
and volume fraction remained uniform and identical to that
for the homogeneous medium, however, the temperature and
particle concentrations varied over the medium according to
Eqs. (1) and (2), respectively:

(1)
(2)N(x,y, z) = - 2^(^1-2^ + l]

ro and N0 were chosen to be 500 K and either 5 x 107 or
5 x 108 particles per cubic meter, respectively.

Spectrally Dependent Radiative Properties
The models describing spectral behavior of the carbon diox-

ide gas and the carbon particle concentration are specified in
Ref. 7 and are described briefly below. The amount of ab-
sorption and emission due to carbon dioxide is highly spectral
and is modeled using an absorption profile formulation pre-
sented by Edwards.8 In this formulation, Eqs. (3-6) are ap-
plied for each of the major spectral absorption bands:
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Fig. 1 Coordinate system and dimensions for three-dimensional rec-
tangular media.
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Fig. 2 Combined absorption coefficient and wave number CDF vs
wave number for case of gas at T = 1000 K, P = I atm (21% carbon
dioxide, by volume), with N = 2.0E + 08 particles/m3.

In this study the five major bands used had TJC of 667, 960,
1060, 2410, and 3660 cm"1. T/C is, essentially, the wave number
at the center or peak of each exponentially shaped absorption
band. The value of 8, specified in Ref. 7, causes the shape
of the absorption profiles to represent the averaged behavior
of the absorption line structure within each band, therefore,
obscuring the absorption behavior due to the individual line
structure. The parameters C1? C2, and C3 are associated with
each band and are temperature dependent. The "0" is an
asymmetry factor equal to 1 for symmetric bands and 2 for
asymmetric bands. The other symbols are briefly described
in the Nomenclature and in more detail by Edwards.8

The absorption, emission, and scattering due to the carbon
particles is directly dependent on the particle size and con-
centration, and varies slightly with wave number, relative to
that of carbon dioxide. For the particle diameter of 30 ju,
selected for this analysis, the spectral variations in absorption
and scattering coefficients are derived from data reported by
Foster and Howarth9 and are listed in Ref. 7. Figure 2 shows
the spectral variation in the combined absorption coefficient
with wave number for a mixture of carbon dioxide and carbon
particles, where the combined absorption is equal to the sum
of the absorption due to carbon dioxide and that due to the
carbon particles. The gas and particle mixture has a temper-
ature of 1000 K, a total pressure of 1 atm (0.21 volume fraction
of carbon dioxide) and a carbon particle concentration of 2
x 108 particles/m3.

Anisotropic Scattering
The carbon particles exhibit highly forward scattering be-

havior. Reference 7 specified the use of the gray 5-Eddington
formulation, Eq. (7), to approximate the phase function de-
scribing this highly forward scattering behavior

= 2/5(1 - cos 3g cos (7)

where / and g quantify the forward scattering behavior and
were specified to be 0.111 and 0.215, respectively. The Dirac-
8 portion of Eq. (7) represents the forward spike in the phase
function, or the fraction of scattering in the forward direction.
The other portion represents the fraction scattered into other
directions.
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Monte Carlo Formulation
The Monte Carlo procedure as applied in this problem is

a statistical method for predicting the radiative heat transfer
by observing the results of a simulation. In this simulation,
the histories of a number of energy bundles are tracked from
emission through scattering, and ultimately to complete ab-
sorption within the medium and its surroundings. What hap-
pens to each of these bundles is dependent on the scattering
and absorptive behavior within the medium. This behavior is
modeled using a set of cumulative distribution functions (CDFs)
which describe the probability of various events taking place.
Specifically, in the current Monte Carlo formulation, CDFs
are used to determine the direction and location of emission,
the wave number of each bundle, the distance traveled be-
tween scattering events, and the direction of scatter. These
CDFs are discussed in more detail below.

General Zonal Ray Tracing
The medium is divided into subregions, or volume ele-

ments, which are individually homogeneous in temperature,
pressure, and particle concentration. The medium as a whole,
however, can be inhomogeneous. The enclosure walls are
divided into homogeneous subregions, or area elements. The
number of bundles emitted from each subregion is based on
the total emissive power of that subregion and the power per
emitted bundle, a user-controlled number set at the beginning
of the simulation. Calculation of the total emissive power is
discussed below. In carrying out a simulation, each bundle
emitted from within a given subregion is emitted following
the completion of the history of the preceding bundle. After
all bundles have been emitted from that subregion, the next
subregion is processed. A given bundle's starting location
within a subregion is determined randomly from a uniform
distribution mapped to the geometry of the subregion by means
of a finite element parametric mapping technique. The di-
rection of emission from within a subregion in the medium is
determined by Eqs. (8) and (9), described in Ref. 10:

6(R) = arccos(l - 2R) (8)

(9)

Finally, for spectrally dependent media, the wave number
of the energy bundle is determined as discussed below. Once
this emission information is established, the bundle is ready
to be tracked through the medium starting from within the
emitting subregion.

The first step is to determine the radiative properties, namely,
the spectral absorption, extinction coefficients, and the scat-
tering albedo, for the subregion the bundle is currently tra-
versing at the wave number for that bundle; this process is
described below. Next, the point where the bundle would exit
the subregion along its current direction and the distance, De,
to that exit point are calculated. Then Eq. (10) is used to
determine how far D the ray travels before it might be scattered1:

D= - (10)

If the distance D is as large as De, the bundle will exit the
current subregion at that exit location previously calculated.
If not, then bundle's position is moved a distance D in its
current direction and remains in the current subregion. In
both cases a fraction of the bundle's current power is absorbed
along the path traveled. This fraction is calculated by means
ofEq. (11)

Absorbed fraction = 1 - e (11)

where S is set equal to the lesser of D or De. This absorbed
power is subtracted from the bundle's currently existing power

and added to the amount of power already absorbed by that
subregion.

Next, if the bundle remained in the current subregion, the
occurrence of scattering, or direction change, is determined
by comparing a random number to the scattering albedo for
the current subregion. If the random number is smaller than
the albedo, the bundle's direction is changed. How the new
scattered direction is established is discussed below. Once the
energy absorbed has been recorded, the position updated,
and the new direction established, the process, starting with
exit-point determination, is repeated until the bundle leaves
the current subregion or the bundle's energy level drops below
a criterion set at simulation start. This criterion typically ranged
from 0.1 to 0.001% of the power initially emitted in bundle.
If a bundle's power level falls below this cutoff criterion, its
history is terminated, its remaining power is added to the total
absorbed power for the current subregion being traversed,
and the next bundle is emitted from the appropriate subre-
gion.

Once the bundle exits one subregion, the next subregion
entered is automatically identified, radiative properties are
determined for the new subregion, and the tracking procedure
is reinitiated. This procedure is repeated for every subregion
entered by a given bundle until that bundle's power level falls
below the same predefined cutoff level or strikes an enclosure
surface. If the bundle reaches an enclosure surface, it will be
totally or partially absorbed depending on the absorptivity of
that surface, and the absorbed power will be subtracted from
the bundle's current power and added to the total for that
surface. Partially absorbed bundles are reflected back into the
neighboring subregion and the tracking process is continued.
At present, only diffuse reflection and emission from enclo-
sure walls are modeled.

To verify the tracking procedure, the heat flux values to
the enclosure walls from a series of gray one- and three-
dimensional media with different optical depths and scattering
albedos were evaluated. Results were within 1% of analytical
results.11 In addition, the internal distribution of emissive power
within a three-dimensional cube-shaped media with three hot
enclosure walls was evaluated. Results were achieved which
were within 1% of analytical results.12

The various results alluded to above were achieved using
different values for the cutoff criterion and emitted power per
bundle. Although detailed sensitivity numbers were not re-
corded, a few comments about the trends observed might be
helpful. First, computer time was very sensitive to emitted-
power-per-bundle in that decreases in this value resulted in
inverse increases in the number of bundles tracked. For the
above-mentioned internal distribution case, where a small
grid size dictated a decreased power-per-bundle value, as many
as 1,000,000 rays were tracked to obtain the high level of
agreement with analytical results.

Second, although reducing the cutoff criterion from 0.1 to
0.001% did improve accuracy, reducing the cutoff criterion
had only a minor impact on computer time, which seemed
counterintuitive. For optically thin media, it was expected that
a smaller cutoff criterion would allow the ray to travel longer
distances and through more subregions, thus increasing the
number of calculations and the computation time. However,
this effect may have been mitigated by a decrease in the
number of calculations along a given distance by virtue of the
longer distances produced by Eq. (10), resulting in longer
distances between calculations. Or it may have been that the
optical depths of the individual subregions were too large to
observe any major sensitivity. For optically thick media, power
is absorbed so fast over a given distance that the distance
required to absorb the extra power available in the longer-
life bundle is minimal. Therefore, no change in computer time
was expected or encountered for optically thick media. How-
ever, the combined effects of smaller grid sizes, optical depths,
and reduced cutoff criterion have not been fully examined.
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Spectral Modeling
Modeling the spectral behavior encompasses several key

elements of this Monte Carlo procedure, including 1) deter-
mining the emissive power of a particular subregion, 2) se-
lecting the wave number of a bundle being emitted, and 3)
providing the wave number dependent absorption and scat-
tering properties as the bundle history is being tracked through
each subregion.

In this study, the emissive power1 for each subregion with
a different temperature, composition, or particle concentra-
tion is computed using Eq. (12) prior to each simulation

E = apaT44 dV (12)

where

/'•"Jo
(13)

The integral is evaluated by means of a trapezoidal rule with
a uniform spectral increment between integration points. A
uniform spectral increment was chosen to simplify program-
ming and reduce user input. For inhomogeneous media, dif-
ferent nonuniform spacing would have been necessary for
each subregion. The trapezoidal integration scheme was cho-
sen for its simplicity and produced a synergism which facili-
tated the formation of the wave number CDF, discussed in
more detail below, and which facilitated selection of radiative
properties needed in the bundle tracking procedure.

In determining the proper integration range and increment,
various ranges of 17 and different increments, drj, were used
to perform the integration in an attempt to reach a converged
ap. Based on this procedure, 17 ranges from 400 to 10,000
cm"1, with integration points every 5 cm"1. This set of points
is not intended to represent an optimum, nor is it capable of
defining the line structure; it is only intended as a sufficient
scheme for the purpose of capturing the model in Eqs. (3-
6) for the media as specified in Ref. 7:

(14)
+ dr;

As stated earlier, there is a synergism between calculating
the emissive power and the wave number CDF which is de-
rived from Eq. (14). As can easily be seen by comparing Eqs.
(13) and (14), the denominator of Eq. (14), is computed when
OLP is computed. In addition, since the integration is done in
a piece wise fashion, the numerator is also computed during
this same integration process. As each integration point is
evaluated the numerator is computed and stored along with
the corresponding 17. Once the emissive power calculation is
completed, the stored numerator values are normalized by
the denominator; the result is a table for R(rj) with values at
every 5 cm"1. This table is then inverted to give T/(/?), the
CDF for determining the wave number of emission from the
particular subregion being considered. The absorption and
scattering coefficients corresponding to each 17 are also re-
corded in this table for subsequent use in the bundle tracking
procedure. A similar table is built for every subregion with a
different set of properties prior to the start of a simulation.

The accuracy of this procedure was verified by computing
the enclosure heat flux for a series of media where the pres-
sure, temperature, or the geometry was varied, and compar-
ing the results with numerical results produced by an approach
referred to as the sum of gray gases,13 a curve fit approach
based on Hottel's experimental data for carbon dioxide gas.

The differences obtained ranged from less than 1-5%, which
is within the numerical accuracy of either approach.

Scattering Model
As stated earlier in the media description, the phase func-

tion describing the anisotropic scattering produced by the
carbon particles is approximated by means of Eq. (7) with
the constants /and g specified in Ref. 7. i/ns the angle between
the directions of the bundle prior to and after a scattering
event.

In order to formulate the CDF used to select the direction
of travel for a bundle following a scattering event, the phase
function is altered to include only the directions different from
the prescattering direction. In other words, the forward scat-
tering spike, described by the Dirac-5 portion of the phase
function, has been removed facilitating the integration re-
quired to produce the CDF. Consequently, the forward spike
is not considered as scattering and its contribution to the
scattering coefficient must be removed. This is accomplished
by multiplying the spectral scattering coefficient, mentioned
earlier, by the factor (1 — /). The CDF representing the
scattering direction is then derived by integrating the reduced
phase function over the arbitrary range of solid angles, then
dividing by the reduced phase function integrated over all
solid angles. In addition, scattering is assumed to be azimu-
th ally symmetric relative to the unscattered ray. Under these
adjustments, the scattering direction CDF can be derived from
Eq. (15)

(15)

where

(16)

Inverting the integrated result of Eq. (15) gives ju,(/?), the
function for scattering direction in terms of R, Eq. (17):

-1 + Vl - 6g(2K - 1 - ig)
3g

(17)

During the bundle tracking, if a scattering event takes place
a random number is selected, and the cosine of the scattering
angle is evaluated from Eq. (17). Next, the zenith angle rel-
ative to the original direction is determined directly and the
azimuthal angle <f> around the original direction is picked ran-
domly from a uniform distribution of angles from 0 to 2-77 rad.
Once the zenith and azimuthal angles and their direction
cosines local to the original direction are determined, they
are transformed to global coordinates for subsequent track-
ing.

Geometric Models
The present Monte Carlo algorithms were designed to ac-

commodate arbitrary geometries composed of any number of
parallelepiped subregions. This allows evaluation of radiative
transfer within media having a wide variety of geometric con-
figurations. The geometric and subregion information is mod-
eled using I-deas,14 a commercial finite element modeling
package developed by SDRC. This information is then trans-
lated into the information needed by the Monte Carlo sim-
ulation routines. In addition to facilitating the modeling pro-
cess for complex geometries, the use of finite element nodes
and elements supports the search algorithms in the tracking
routines, and offers the potential for automatically incorpo-
rating the radiative heat transfer results referenced to these
nodes and elements into a multimode heat transfer analysis.
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Results
The Monte Carlo simulations were performed for both the

one- and three-dimensional geometries using a Silicon Graph-
ics Indigo Workstation. Initially, a rudimentary investigation
was made to determine how to obtain results with reasonable
accuracy while maintaining minimal computer time. The most
efficient way discovered to do this was to select lower values
for emitted power per bundle (thus, higher numbers of emit-
ted bundles per subregion), and decrease the number of sim-
ulations used to get an average. The following results for the
complex media, previously described, were generated using
an emitted power per bundle of 1 W. The results are discussed
in three sections: 1) homogeneous media results, 2) inho-
mogeneous media results, and 3) comparison with other meth-
ods.

Homogeneous Media Results
Figure 3 shows the net radiative flux vs position for the

one-dimensional media between two cold black surfaces, at
the three different carbon concentrations levels and the two
different total pressures, discussed previously. The zero lo-
cation is the geometric center of the symmetric slab, at the
plane of symmetry. The results indicate that the strong spec-
tral-absorption-band structure for each medium plays a key
role in determining the radiative heat transfer within the me-
dium surrounded by cold walls.

Since the walls are cold, only the medium is considered to
emit. Consequently, most of the emission occurs at wave num-
bers within the absorption bands of the carbon dioxide gas.
This is controlled in the simulation by the wave number CDF.
A typical wave number CDF is shown in Fig. 2 superimposed
on the corresponding spectral absorption profile. The large
increases in the CDF at the absorption bands, shown in Fig.
2, indicate the higher probability of emission within these
bands, especially the asymmetric band at 2410 cm"1. How-
ever, the high absorption within the center of these bands
prevents the emitted bundles from traveling very far before
they are completely absorbed. Consequently, the bundles
contributing most to the heat transfer are those bundles with
wave numbers on the fringe of or between the carbon dioxide
absorption bands.

The addition of carbon particles appears to have three ef-
fects. The first of these is that as the concentration of carbon
particles is increased, the wall heat flux increases. This is due
to the increased emission of bundles in the windows between
the strong carbon dioxide absorption bands, where absorption
is small enough to allow the bundles to travel sufficient dis-
tances prior to termination. Second, for low and moderate
concentrations, increasing the concentration has the effect of
increasing the net radiative flux in the interior of the media.

60.0 T

0.5 1 1.5 2

Distance from Center of Slab (m)

2.5

Fig. 3 Comparison of radiative heat flux through one-dimensional
medium for a homogeneous medium at T = 1000 K, P = 1 or 3 atm
(21% carbon dioxide, by volume), with N = 2.0E + 07, 2.0E + 08, or
2.0E + 09 particles/m3.

At these concentrations, bundles with wave numbers in the
windows can travel over several subregions enhancing the
radiative transfer deep in the media. Third, for high concen-
trations, the absorption within the windows is so large that
the bundles can travel only small distances. Consequently,
only bundles emitted near the walls are significant for radia-
tive transfer to the wall and internal net radiative transfer is
minimal.

Increasing the pressure elevates the absorption and emis-
sion in the carbon dioxide, absorption bands which results in
more bundles being emitted. However, the associated in-
crease in absorption in the bands diminishes the effect re-
sulting in no major change in the net radiative flux in interior
regions shown in Fig. 3. Only a minor effect is observed for
the case of moderate carbon particle concentration. However,
the heat flux at the wall does increase slightly for the low
carbon particle concentration case. These results indicate that
the effect of increasing total pressure is negligible compared
to the effect of increasing carbon particle concentration at
higher concentrations.

To judge the variability of the one-dimensional results, the
standard deviation for each flux value based on five separate
simulations was calculated. For the case of high carbon par-
ticle concentration which exhibited the most variability, the
typical standard deviation on any flux value was 200 W/m2.
The higher variability of this case is due to two factors. First,
as the concentration increases to higher levels, the total ab-
sorption over the entire spectrum becomes quite high, se-
verely limiting the distance each bundle may travel, even in
the windows. Because of the limited distance, the number of
bundles actually providing significant statistical radiative transfer
information is reduced. Second, the increased scattering re-
quires that more, not less, statistically significant bundles are
needed to fully characterize the radiative transfer.

Figure 4 displays selected values of surface radiative flux
and internal flux divergence calculated for the three-dimen-
sional homogeneous media at three different carbon particle
concentration levels under the conditions stated above in the
media description. Figure 4a presents the radiative flux di-
vergence vs location along the y axis, and Fig. 4b presents
the surface flux values along the center of the wall in the x
direction at y = 0 and z = 1.5m. The flux divergence values
are smallest in the middle of the medium and largest near the
walls, similar to the one-dimensional results. This trend is
primarily due to the boundary conditions of a specified hot
temperature adjacent to a cold wall; the gas adjacent to the
cold wall gives up more of its heat than gas in the interior.
The corners of the medium exhibit even higher divergence
values, as there are two walls to heat. However, the surface
heat flux near the corners is reduced because there is less
media able to radiate to them.

Figure 4a also shows a multidimensional effect. Based on
the one-dimensional results, it is expected that the flux di-
vergence values in the interior regions for the high carbon
particle concentration case would be lower than those values
for either of the other two cases. However, the low carbon
particle concentration case had the lowest flux divergence in
the medium interior. This is possibly because the radiative
flux can now leave the interior in all directions, not just in
one direction. The absorption within the spectral fringes and
windows for the low concentration case is lower than that for
the high concentration case, therefore, the loss of energy from
the center regions into the other directions is greater for the
low concentration case.

Typical standard deviations in the results for the three-
dimensional media for the low-, moderate-, and high-particle
concentration cases were, respectively, 225, 320, and 400
W/m2 for flux values, and 1250, 1730, and 2850 W/m3 for flux
divergence values. These variability values were based on two
separate simulations. Higher variability was observed in areas
of large gradients, especially in flux divergence. Since this
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Fig. 4 a) Comparison of radiative flux divergence at Y = 0 and Z
= 0 and b) comparison of surface radiative flux at Y = 0 and Z =
1.5 m for a homogeneous medium at T = 1000 K, P = I atm (21%
carbon dioxide, by volume), with N = 2.0E + 07, 2.0E + 08, or 2.0E + 09
particles/m3.

process determines flux divergence for finite subregions, there
tends to be some grid size dependence in the flux divergence
as well as increased variability. In addition, calculating the
flux divergence for only finite subregions limits the deter-
mination of flux divergence near the wall. An alternate ap-
proach for determining the flux divergence based on incident
flux is currently under development. However, since the dis-
cretized approach was used for this article, the sizes of the
subregions near the wall were reduced so that the divergence
values calculated for subregions near the wall would approach
the divergence at the wall. This also allows better character-
ization of the gradients near the wall. However, a limiting
consideration regarding this shrinking approach is that the
number of rays emitted reduces as the subregions are shrunk
leading to increased variability. Investigation is currently
underway to solve this shortcoming.

Inhomogeneous Media Results
Figure 5 presents selected surface flux and internal flux

divergence results for the inhomogeneous media for two dif-
ferent carbon particle concentration cases. Figure 5a presents
the radiative flux divergence vs location along the x axis, and
Fig. 5b shows the surface flux along the center of the wall in
the x direction at y = 0 and z = 1.5 m. The behavior of the
flux divergence is opposite that from the homogeneous cases.
Flux divergence values are quite high in the center region
where both the temperature and carbon particle concentration
are the highest and fall off toward the wall. In fact, for both
cases the flux divergence near the x walls (which bound the
shortest dimension) falls below zero, indicating these regions
are acting as energy sinks rather than sources. The low tem-
perature near the wall reduces the emission in these regions,
while the reflection of radiative heating from the nonblack
walls plus emission from hotter interior regions increase the
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Fig. 5 a) Comparison of radiative flux divergence at Y = 0 and Z
= 0 and b) comparison of surface radiative flux at Y = 0 and Z =
1.5 m for an inhomogeneous medium with T() = 500 K, P = 1 atm
(21% carbon dioxide, by volume), and NQ = 5.0E + 07 or 5.0E + 08
particles/m3.

power entering these outer regions. The same phenomenon
occurs near the other walls, but to a lesser degree due to their
longer distances from the center. The surface flux distribu-
tions for the inhomogeneous cases resemble those for the
homogeneous cases. The larger flux values occur in the middle
of each face due to radiative transfer with more of the media.
Conversely, corner walls receive less heating, being exposed
to less of the media. Adding more carbon particles to the
media has the same effect as seen in the one-dimensional
results; the increased particle concentration produced ele-
vated wall heat flux.

The typical standard deviations for the surface flux results
were 70 W/m2 and 100 W/m2 for the low and moderate particle
concentration cases, respectively. The standard deviations for
the flux divergence results were, typically, 700 W/m3 and 1000
W/m3, for the two cases, respectively. These values were de-
termined based on five separate simulations. Based on both
the homogeneous and inhomogeneous variability numbers,
the size of the standard deviations appears to be dependent
on the emissive power of the media; the larger the emissive
power the higher the variability. However, when normalized
by the emissive power of the media, the percent deviation
decreases. This tends to support the idea that using more
bundles to characterize the behavior of the media improves
the relative accuracy of that characterization.

Comparison with Other Methods
The results obtained by this Monte Carlo procedure are

compared to selected results obtained by other methods dis-
cussed at the symposium.7 Shown in Fig. 6 are comparisons
of selected surface radiative flux results obtained by three
methods: 1) the current Monte Carlo method, 2) a Monte
Carlo method developed by Yuen,15 and 3) a YIX method.16

Noticeable differences are observed between the results pro-
duced by the different methods. Gray results, with and with-
out scattering, obtained since the symposium by each method
compared very well—within a few percent. This suggests that
the differences between the results may be attributable to



FARMER AND HO WELL: MONTE CARLO PREDICTION 139

r
30

20

10

* Current Monte Carlo Method
^ Monte Carlo Method [15]
a YIX Method [16]

0.2 0.4 0.6 0.8

X, Location along wall (m); Y=0, Z=1.5m
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Fig. 7 Comparison of radiative flux divergence at Y = 0 and Z =
0 for an inhomogeneous medium with T0 = 500 K, P = 1 atm (21 %
carbon dioxide, by volume), and N0 = 5.0E + 08 particles/m3, calcu-
lated by two methods.

differences in the spectral model implementations. Investi-
gations into what specifically caused these differences is still
ongoing and is focused toward the spectral model details, such
as number of spectral bands or integration scheme. Figure 1
presents the flux divergence along the x axis for the inho-
mogeneous moderate concentration case discussed above.
Results obtained by the current Monte Carlo method and the
YIX method are shown. The disagreement in the results in
the center regions is due primarily to the grid size difference.
Subsequent Monte Carlo simulations, performed with smaller
grid sizes in the center regions, have confirmed this.

Conclusions
A Monte Carlo method has been developed and applied to

predict the radiative transfer within a medium containing an-
isotropically scattering particles and a highly spectral gas. The
Monte Carlo method is described, and the formulation of the
cumulative distribution functions, which influence the events
in a simulation, particularly the spectral absorption and ani-
sotropic scattering behavior, are discussed. The geometric
modeling and bundle tracking procedures were developed for
a general three-dimensional inhomogeneous medium and have
been applied to both one- and three-dimensional geometries
and the accuracy and sensitivities of the method have been
briefly discussed.

The radiative transfer in media exhibiting both highly spec-
tral absorption and emission and anisotropic scattering has
been evaluated. Both homogeneous and inhomogeneous me-
dia have been modeled. Results for the one-dimensional me-
dia indicate that elevated pressure has only a limited effect
on radiative heat transfer, over the pressure range studied
(1-3 atm), when compared to the effects of elevated carbon
particle concentrations. One- and three-dimensional results

indicate that increased carbon particle concentration can sig-
nificantly increase radiative flux received by the enclosure
surrounding the media, and can either depress or increase the
radiative flux divergence deep within the media depending
on particle concentration levels. Results for the inhomoge-
neous media evaluations demonstrate the strong temperature
dependence of the radiative flux and flux divergence and the
effect of a reflective wall on the flux divergence near the wall.

This Monte Carlo procedure is shown to be suitable for this
type of problem and appears to be adaptable with minimal
effort to a wide range of media and geometries. Accuracies
for surface radiative flux were typically greater than those for
radiative flux divergence profiles within the media. On the
computer system used in this study, CPU time is long even
for the simplest of geometries, when detailed profile data are
calculated. However, this process appears to be appropriate
to massively parallel processing which would greatly reduce
the time required for solution. Subsequent plans call for the
development of parallelized algorithms and implementation
on multiprocessor computers.
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